Abstract. Transport of corrosion products into pores and cracks in concrete must be considered when predicting corrosion induced cracking in reinforced concrete structures, since this transport significantly delays the onset of cracking and spalling by reducing the amount radial displacement displacement imposed on the concrete at the steel/concrete interface. We aim to model this process by means of a transport-structural approach, whereby the transport part is driven by a pressure gradient generated by the volumetric expansion due to the transformation of steel into corrosion products. This pressure driven transport was introduced in an analytical axisymmetric thickwalled cylinder model and a numerical network approach. The influence of cracking and permeability on corrosion induced cracking process with increasing inner displacement is investigated with these two approaches.
INTRODUCTION
Corrosion induced cracking is the most commonly encountered deterioration mechanism in reinforced concrete structures, which involves the transformation of steel reinforcement into corrosion products, which occupy a greater volume than the original steel. This volume expansion due to this chemico-mechanical process results in internal pressure acting on the concrete, which is equilibrated by circumferential tensile stresses leading to cracks in, and potentially spalling of the concrete. Understanding corrosion induced cracking in concrete is difficult because of multiple interacting processes and phenomena, such as the transport of corrosion products into pores and cracks, the spatial distribution of steel areas affected by corrosion, compaction of corrosion products, the influence of the chemical environment on the rust products, and creep, shrinkage and cracking of concrete.
The transport of corrosion products into pores and cracks in concrete must be considered when predicting corrosion induced cracking in reinforced concrete structures, since this transport significantly delays the onset of cracking and spalling by reducing the amount radial displacement displacement imposed on the concrete at the steel/concrete interface. The entire process of corrosion induced cracking is commonly divided into initiation and propagation phases [21] , whereby the propagation is characterised by the progression from corrosion initiation, surface cracking, spalling and eventually structural collapse either due to loss of anchorage or reinforcement rupture (Figure 1 ). The present work is focused on the propagation phase by modelling the transport of corrosion products into the concrete and its influence on the process of corrosion induced cracking.
Physical tests on corrosion induced cracking have been reported for single and multiple reinforcement bars in [2, 1, 15] . Experimental studies on the transport of corrosion products have been performed in [24] and [13] . The modelling approaches can be categorised into analytical models mainly focusing on obtaining compact solutions for specimens with simple geometries [3, 11, 17] and numerical models applicable to general geometries and boundary conditions [14, 12, 20, 16, 18] . In both analytical and numerical models, the transport of corrosion products into the concrete has been considered in different ways. In many approaches, a porous zone was considered which had to be filled before the volume expansion due to the transformation from steel into corrosion products started to generate pressure in the surrounding concrete [11, 8] . Other studies proposed to fill voids and cracks once corrosion induced cracking had started [6, 20] . However, these modelling approaches do not describe the rust transport by a mechanistic approach, but instead use adhoc rules to describe the penetration of the rust. One exception to this is the work reported in [16] in which diffusion is used to describe the transport of rust into the concrete.
The aim of the present work is to model the mechanics of the transport of rust into concrete by a transport-structural approach, whereby the corrosion products are transported into the concrete by means of a pressure gradient originating from the volume expansion due to the transformation from steel into corrosion products. To the authors' knowledge, this approach has not been proposed before.
The transport-structural modelling of corrosion induced cracking is introduced here both in an analytical axisymmetric thick-walled cylinder approach for describing the stage from initiation to surface cracking and a discrete network approach, which, in principle, is capable of describing the full propagation phase (Figure 1) . The analytical thick-walled cylinder model is an extension of previous analytical models reported in [17] . The network model belongs to the group of discrete element approaches, for which the connectivity between elements remains the same during the analysis [19, 5, 7] . They also often called lattice or rigid body spring networks. Network models have been shown to be capable of describing fracture and transport in concrete mesh-independently and capable of modelling the coupling of fracture and transport [4, 9, 10] .
CORROSION PRODUCTS AT STEEL/CONCRETE INTERFACE
The key novelty of the present work is that the pressure driven flow of corrosion products into the concrete is considered when modelling the formation of corrosion products at the steel/concrete interface. For this new approach, the main assumptions are that the corrosion products are an incompressible fluid with a time independent viscosity. Concrete is assumed to be fully saturated and Biot's coefficient for the porous concrete is assumed to be zero.
The overall approach for the modelling of the volume expansion associated with the transformation from steel into corrosion products is to apply an increment of Eigen-displacement ∆u cor at the interface between the steel and concrete, which results in a reactive pressure P fi in the mechanical part of the model. This pressure is then used to determine the flow of corrosion products into the concrete by the transport part of the model. With this approach, the mechanical analysis is independent of the transport part. In Figure 2 , the decomposition into different components is illustrated. For a time increment ∆t, the volume balance is
Here, the total increment of volume of corrosion products is α∆x cor , where ∆x cor is the increment of radius that is removed from the steel bar and α is an expansion factor, describing the volume increase due to the transformation from steel into corrosion products. The mechanical part is ∆u + ∆x cor , where ∆u is the increment of prescribed radial Eigen-displacement. The remaining part is transported into the pores and cracks of the concrete, which is q∆t. Here, q = Q/(2πr i t) is the flux of corrosion products at the steel/concrete interface, whereby Q is the total flow and r i is the radius of the reinforcement bar. Assuming that the entire applied corrosion current density i cor is consumed in the corrosion process, the increment of loss of radius ∆x cor can be related to the corrosion rate through Faraday's law where
in which 0.0315 is a factor converting the units of i cor from µA/cm 2 into µm/days as used in [14] . Substituting ∆t form (2) in (1) and solving for ∆x cor gives
In the following section, this approach is used within the analytical and network model, respectively.
ANALYTICAL MODEL
The analytical model is based on an axisymmetric formulation of a thick-walled cylinder using orthotropic elasticity following the work in [22, 17] . The main approach is to divide the thick-walled cylinder into an inner cracked and outer uncracked region (Figure 3 ). For the cracked region, orthotropic elasticity is used [17] , whereas the uncracked region is modelled with isotropic elasticity [22] . The orthotropy for the cracked cylinder is introduced by reducing the tangential Young's modulus by means of a scalar damage model, which is driven by an exponential stress-crack opening law. The main equation for the mechanical part of the thick-walled cylinder model for both cracked and uncracked region is the second order ordinary differential equation
whereby u is the radial displacement, r is the radial coordinate and E θ E r is the ratio of circumferential and radial Young's moduli. This ratio is related to the damage parameter ω as
For the uncracked region, ω = 0 so that (4) is linear. For the cracked region, ω is a nonlinear function of the radius and the radial displacement, which is controlled by an inelastic strain
Here, w f is the crack opening threshold in the exponential stress crack opening law which is related to the fracture energy G F and the tensile strength f t as w f = G F /f t , and n c is the number of cracks assumed to be present in the thick-walled cylinder. For each part of the cylinder, two boundary conditions are required to solve the second order differential equation. For the outer uncracked cylinder, the conditions are that the radial stress at the boundary is equal to zero (σ r (r = r o ) = 0) and the tangential stress at the boundary between cracked and uncracked region is equal to the tensile strength (σ θ (r = r c ) = f t ). The two conditions for the cracked cylinder are that the two radial stresses at the boundary between cracked and uncracked region are equal (σ r (r = r + c ) = σ r (r = r − c )) and the tangential stress at the boundary between cracked and uncracked region is equal to the tensile strength (σ θ (r = r c ) = f t ). For the uncracked part, (4) can be solved explicitly. However, for the cracked part, a finite difference scheme is used to obtain the solution numerically. The two solutions of the radial displacement u of the two regions are obtained for an incrementally increasing radius r c . From u, the radial and tangential stresses and strains are obtained [22] . Furthermore, the crack openings as a function of r can be determined as
This crack opening is then used for the transport part of the model extending the analytical approach described in [10] to case of the cracked cylinder. The radial stress at the inner boundary (σ r (r = r i )) is set equal to the fluid pressure P fi , the spatial gradient of which in the radial direction is related to the total flow rate Q through the cylinder as
where µ is the dynamic viscosity of the corrosion products, which is the fluid transported through the thick-walled cylinder. Furthermore, κ is the permeability which is composed of a cracked and uncracked contribution as κ = κ 0 + κ c (r), whereby
is the cubic law [23] reduced by a factor ξ taking into account the influence of fracture roughness on the crack permeability.
NETWORK MODEL
The network model used in this study is very similar to the approach presented in [9, 10] , and is here only briefly reviewed. The structural part consists of an irregular network of beamlike elements which are arranged based on the Delaunay tessellation of a random set of points (Figure 4a ). Each element connects two nodes which each possess three degrees of freedom, namely two translations and one rotation. They are related to a discontinuity at the mid-point C of the mid-cross-section (Figure 4b ). This displacement discontinuity is used to model the constitutive response of the elements. Identical to the analytical model in the previous section, the stress-crack opening law is chosen to be exponential with a crack-opening threshold w f . For the transport part conduit elements are arranged in a network based on the Voronoi tessellation of the domain, which is dual to the network of structural elements. The constitutive response of the transport elements takes into account the transport through the uncracked and cracked material by means of the permeability κ = κ 0 + κ c , as used in the analytical thickwalled cylinder model. A detailed description of how the boundary conditions between structural and transport lattices are enforced at the inner boundary can be found in [10] .
ANALYSIS AND RESULTS
The two modelling approaches outlined above are applied to the failure process of a thick-walled cylinder subjected to an increasing inner radial displacement representing a layer of corrosion products. The aim of this analysis is to investigate the nonlinear relationship between the radial pressure and loss of diameter x cor . The analyses are performed incrementally, whereby for each increment a sequence of structural and transport analyses are performed. Then, x cor is determined by considering the applied radial displacement and transport contributions according to (3) .
For all analyses, the same input parameters were chosen for the analytical and network model. The geometry of the thick-walled cylinder is chosen as r i = 8 mm and r o = 58 mm. The material parameters for the mechanical part are Young's modulus E = 30 GPa, Poisson's ratio ν = 0, tensile strength f t = 3 MPa and fracture energy G F = 0.15 N/mm. For the structural part of the analytical model, it was also required to assume the number of cracks, which was chosen as n c = 4 based on the results obtained from the network model. For the transport part, two permeabilities of the uncracked material were used to investigate the influence of this parameter on the loss of radius x cor . The permeabilities were chosen as κ 0 = 1 × 10 −10 and 5 × 10 −10 mm 2 . Furthermore, the other parameters for the transport part were selected as ξ = 0.001 and µ = 0.019 MPas. Finally, the expansion factor of the corrosion products was assumed to be α = 2 and i cor = 100 µA/cm 2 . In Figure 5 , the internal pressure P fi versus the loss of radius x cor for the two uncracked permeabilities κ 0 are shown for the two modelling approaches. The agreement between the two approaches is very good. The analytical model only slightly overestimates the maximum pressure obtained by the network model. Furthermore, k 0 has a strong influence on the P fi -x cor curve. For the greater permeability, the maximum pressure is reached at a greater x cor . Although cracking strongly influences the P fi -x cor curve resulting in the nonlinear mechanical response, it was found to have a small influence of the overall permeability of the transport part for the present small crack openings (w max c < 0.1 mm).
In Figure 5 , three stages are marked at which the cracking is shown in Figure 6 . The red and grey lines refer to active and inactive cracks, respectively. Here, an active crack is defined as a mid-crosssection at which damage increases at this stage of analysis. The dashed line shows the interface between the crack and uncracked region in the analytical model. It can be seen that there is again a very good agreement between the analytical and network model. For stage (c), the four main cracks from the network model do not have the same length anymore. This indicates the limit of the analytical model. Any further radial displacement at the inner boundary, would lead to a completely asymmetric crack pattern with only one crack remaining active. The crack patterns in Figure 5 apply to both analyses (κ 0 = 1 × 10 −10 and 5 × 10 −10 mm 2 ), since the structural part of the analysis is independent of transport part.
The strong dependence of x cor on the permeability κ 0 is further illustrated by showing the ratio of increments of transported and total volumes of corrosion products versus the loss of radius for the two models in Figure 7 . Again, a good agreement between the models is obtained. The greater the permeability, the greater is the volume of corrosion products transported into the concrete. At stage (c), the volume ratio predicted from the analytical model is greater than that from the network approach, since also the inner pressure of the analytical model is greater than from the network one.
CONLCUSIONS
A new transport-structural modelling approach to corrosion induced cracking has been proposed, which includes the pressure driven transport of corrosion products. This approach has been applied to both an analytical thickwalled cylinder model and a network model. The results of the two models are in very good agreement in the form of pressure versus radius loss, crack fronts and transported volumes versus radius loss. Whereas the analytical model is limited to axisymmetric situation, which appear to be valid up to the peak of the pressure-radius loss curves, the network model has the potential to predict the entire propagation phase up to spalling. 
